Abstract. It is shown that for a normal subgroup N of a group G, G/N cyclic, the kernel of the map N ab → G ab satisfies the classical Hilbert 90 property (cf. Thm A). As a consequence, if G is finitely generated, |G : N | < ∞, and all abelian groups H ab , N ⊆ H ⊆ G, are torsion free, then N ab must be a pseudo permutation module for G/N (cf. Thm. B). From Theorem A one also deduces a non-trivial relation between the order of the transfer kernel and co-kernel which determines the Hilbert-Suzuki multiplier (cf. Thm. C). Translated into a number theoretic context one obtains a strong form of Hilbert's theorem 94 (Thm. 4.1). In case that G is finitely generated and N has prime index p in G there holds a "generalized Schreier formula" involving the torsion free ranks of G and N and the ratio of the order of the transfer kernel and co-kernel (cf. Thm. D).
Introduction
Certainly, Hilbert's theorem 90 is one of the first fundamental results in modern algebraic number theory. In its original form one may state it as follows (cf. [11, Thm. 90] ): If E/F is a finite Galois extension with cyclic Galois group G = σ , then any element x in the kernel of the map N G : L × → K × , N G (z) = g∈G g(z), z ∈ L × , can be written as x = σ(y)y −1 for some y ∈ L × , i.e., in more sophisticated terms H −1 (G, L × ) = 0. In this note we want to establish an analogue of Hilbert's theorem 90 in a group theoretical context and to discuss some of its immediate consequences. A (closed) normal subgroup N of a (pro-p) group G will be said to be co-cyclic, if G/N is a cyclic group. For any (closed) subgroup U of G (1.1)
will denote the maximal abelian (pro-p) quotient of U . In particular, one has a canonical map t U,G : U ab → G ab induced by inclusion. Elementary commutator calculus implies the following group theoretical version of Hilbert's theorem 90 (cf. Lemma 2.1(b), (3.2), Prop. 3.1).
Theorem A. Let G be a (pro-p) group, let N be a co-cyclic (closed) normal subgroup of G, and let s ∈ G be an element such that G = S N for S = cl( s ) Theorem B. Let G be a finitely generated group, and let N be a co-cyclic normal subgroup of finite index in G with the property that for every subgroup H of G, N ⊆ H ⊆ G, the abelian group H ab is torsion free. Then N ab is a pseudo Z[G/N ]-permutation module.
The prefix "pseudo" arises from the phenomenon that for a finite group G direct summands of Z[G]-permutation modules are not necessarily Z[G]-permutation modules. This phenomenon does not occur if G is a finite pgroup and Z • = Z p , i.e., the pro-p analogue of Theorem B has the following form.
Theorem B ′ . Let G be a finitely generated pro-p group, and let N be a co-cyclic open normal subgroup of G with the property that for every open subgroup H of G, N ⊆ H ⊆ G, the abelian pro-p group H ab is torsion free.
If U is a (closed) normal subgroup of finite index in a (pro-p) group G the transfer
where R ⊆ G is a set of representatives for the right U -cosets, i.e., G = r∈R r U , where ⊔ denotes "disjoint union" (cf. [15, Chap. 10] ). For G and U as above
is called the transfer kernel, and
the transfer cokernel, where G/U are the G/U -invariants of a left Z • [G/U ]-module. The order of the transfer kernel tk(G/U ) for a finite group G and [G, G] ⊆ U has been subject of intensive investigations (cf. [8] , [9] , [10] ) which were stimulated by Hilbert's theorem 94 (cf. [11, Thm. 94] ) and Ph. Furtwängler's solution of Hilbert's "principal ideal conjeture" (cf. [7] ). Certainly, the most celebrated theorem in this context is due to H. Suzuki (cf. [16] ) which states that if G is finite and G/U is abelian, the order of tk(G/U ) must be a multiple of the order of G/U , i.e., there exists a positive integer s G,U such that |tk(G/U )| = s G,U · |G : U |. However, the question which remains is the size of the Hilbert-Suzuki multiplier s G,U . If U is co-cyclic in G, then one may answer the latter question using the group theoretical version of Hilbert's theorem 90.
Theorem C. Let G be FAb (pro-p) group, and let N be a co-cyclic (closed) normal subgroup of finite index. Then one has
A finitely generated (pro-p) group G is said to be 1 FAb, if for any (closed) subgroup U of finite index in G the group U ab is finite 2 . Theorem C can be used to deduce a strong form of Hilbert's theorem 94 stating that for finite cyclic unramified extensions of number fields the order of the capitulation kernel is the product of the order of the capitulation cokernel times the degree (cf. Thm. 4.1). So far the capitulation cokernel has not found much attraction in algebraic number theory (cf. [12] ). This fact might be the reason why this stronger form of Hilbert's theorem 94 has not been established before.
If G is a finitely generated (pro-p) group, and N is a (closed) normal subgroup of finite index, we call
the transfer ratio of N in G. E.g., Theorem C implies that if G is a finite group and N is co-cyclic, then ρ(G/N ) = |G : N |. Let Q • denote the quotient field of Z • . We will call the non-negative integer
the torsion-free rank of G, or for short the tf-rank of G. One has the following "generalized Schreier formula" involving the transfer ratio.
Theorem D. Let G be a finitely generated (pro-p) group, and let U be a (closed) subgroup of prime index p. Then one has
where log p ( ) denotes the logarithm to the base p.
1 This abbreviation stands for finite abelianizations. 2 A pro-p group G satisfying |G ab | < ∞ must be finitely generated.
A finitely generated (pro-p) group G is said to be of global tf-rank gtf(G) ≥ 0, if one has tf(U ) = tf(G) for any (closed) subgroup U which is of finite index in G. E.g., a finitely generated (pro-p) group G is of global tf-rank 0 if, and only if, G is FAb. Using Theorem D one concludes easily that a finitely generated (pro-p) group G, which is of global tf-rank, must satisfy
for any pair of (closed) subgroups U, V of G, V ⊆ U , U is of finite index in G, and V is normal in U satisfying |U : V | = p. The following result generalizes the well known fact that a pro-p group which is FAb and of strict cohomological dimension less or equal to 2 must be the trivial group (cf. Cor. 4.4).
The proof of Theorem A is elementary, while the proofs of Theorem B-D are easy but require some more sophisticated ideas from the theory of cohomological Mackey functors as well as some facts from the representation theory and cohomology theory of cyclic groups. Nevertheless, in neither of the statements the reader will find any trace of these sophisticated theories.
Notation: As discrete groups and pro-p groups behave quite similar, we will deal with these two cases simultaneously. We just add in parenthesis (...) the additional hypothesis or conclusions in the case of pro-p groups. By cl( ) we denote the closure operation in a topological space. Moreover, Z • will denote the ring of integers Z in the case of discrete groups, and the ring of p-adic integers Z p in the case of pro-p groups.
Commutator calculus
Let G be a (pro-p) group. For two elements x, y ∈ G we denote by
their commutator, while for two (closed) subgroups U and V of G we put
From the commutator calculus in groups one deduces the following.
Lemma 2.1. Let N be a co-cyclic (closed) normal subgroup of a (pro-p) group G, and let s ∈ G be an element such that
Here we used the fact that [t 1 , t 2 ] ∈ [S, S] = {1}. This yields (a). From the second identity in (2.
By the first identity in (2.3), one has
is closed. This yields the claim in the pro-p case.
Cohomological Mackey functors
Let G be a finite group. A Mackey system of G is a set of subgroups of G which is closed under conjugation and intersection, e.g., the set G ♯ of all subgroups of G, the set G ♮ of all normal subgroups of G and G • = {{1}, G} are Mackey systems of G. Let M be a Mackey system of G. A cohomological M-Mackey functor X with values in the category of abelian groups is a collection of abelian groups X U , U ∈ M, together with a collection of group homomorphisms [1] , [17] or [18] .
3.1. The cohomological Mackey functor Ab. Let G be a (pro-p) group, and let N be a (closed) normal subgroup of finite index. Then Ab is the cohomological (G/N ) ♯ -Mackey functor with values in the category of abelian groups (resp. abelian pro-p groups) given by Ab U = U ab . Moreover, for
denotes the augmentation ideal, its section cohomology groups. One has a (canonical) 6-term exact sequence 
Since |G|· H k (G, X {1} ) = 0 for k ∈ Z, one concludes from (3.3) that c 1 (G, X) and k 1 (G, X) satisfy the same relation. In particular, if X G and X {1} are finitely generated Z-modules (resp. Z p -modules), then all the groups defined in (3.2) are finite. Applied to co-cyclic normal subgroups one has obtains the following. Proposition 3.1. Let G be a (pro-p) group, and let N be a (closed) co-cyclic normal subgroup of finite index in G. Then 
where Ext • ( , ) denote the right derived functors of the homomorphisms functor in cMF G • ( Z mod). In particular, if 0 → X → Y → Z → 0 is a short exact sequence in cMF G • ( Z mod), then one has a 12-term exact sequence
. For a cohomological G • -Mackey functor X with values in the category of finitely generated Z-modules (resp. Z p -modules) one defines the Euler characteristic χ G (X) of X by
Thus from (3.6) one concludes that for a short exact sequence 0 → X → Y → Z → 0 of cohomological G • -Mackey functors with values in the category of finitely generated Z-modules (resp. Z p -modules) one has
From Proposition 3.1 one concludes the following (cf. (1.6)).
Proposition 3.2. Let G be a finitely generated (pro-p) group, and let N be a (closed) co-cyclic normal subgroup of finite index in G. Then
3.4. The Herbrand quotient. As we have done before we will treat two cases simultaneously. We will either assume that G is a finite cyclic group and Z • = Z, or that G is a finite cyclic p-group and Z • = Z p . If the second case applies, we will just add in parenthesis (...) the additional hypothesis one has to make.
Let G be a finite cyclic (p-)group, and let M be a finitely generated
is called the Herbrand quotient of the Z • [G]-module M . In particular, if X is a cohomological G • -Mackey functor with values in the category of finitely generated Z • -modules the 6-term exact sequence (3.3) implies that
The Herbrand quotient has the following well known properties.
Proposition 3.3. Let G be a finite cyclic (p-)group, and let M be a finitely generated
If G is of prime order p, then one has
Proof. For (a) and (b) see [13, 
where Ω = ker(Z p [G] → Z p ) is the augmentation ideal, i.e., log p (h(G, M )) = r − s. Thus from the equations
one deduces the claim. Theorem C can be easily translated in the original context of Hilbert's theorem 94 (cf. [11, Thm. 94] ). For a number field K and a set of places S ⊂ V(K) containing all infinite places we denote by O S (K) the ring of S-integers, and by cl(O S (K)) its ideal class group. Thus, if L/K is a finite Galois extension of number fields with Galois group G = Gal(L/K) one has a canonical map
Moreover, ker(i S K,L ) is called the S-capitulation kernel, and coker(i S K,L ) the S-capitulation cokernel 3 of the finite Galois extension L/K. Theorem C implies the following strong form of Hilbert's theorem 94. Hilbert's theorem 94) . Let K be a number field, let S ⊂ V(K) be a finite set of places containing all infinite places, and let L/K be a cyclic Galois extension, which is unramified at all places outset of S and completely split at all places in S. Then
Proof. LetK/K be an algebraic closure of K containing L, and let K S /K be the maximal extension of K which is unramified outside S and completely split for all places in S. In particular, K S /K is a Galois extension. Let G = Gal(K S /K) and let U = G L denote the pointwise stabilizer of L in G. Then, by class field theory and the finiteness of the class number,
The claim then follows from Theorem C and the commutativity of the diagram
by the Artin reciprocity law (cf. [13, Chap. IV, Thm. 5.5]).
Let G be a finite group, and let N be a normal subgroup of G such that G/N is abelian. By H. Suzuki's theorem, it is well known that |G : N | divides the order of ker(i G,N : G ab → N ab ) (cf. [16] ). Although Theorem 4.1 gives the answer in the case when N is co-cyclic in G, the following question remains open. Proof. Let N be a (closed) co-cyclic normal subgroup which of prime index p in the finitely generated group G. By (3.7) and Proposition 3.1, one has
and thus log p (h(G, N ab )) = 1−log p (ρ(G/N )). As k 1 (G/N, Ab) is a finite pgroup, one has an isomorphism of
) and hence the claim.
Let G be a pro-p group. A pair of open subgroups (U, V ), V ⊆ U , satisfying |U : V | = p will be called an open p-section. In particular, V is normal in U . As a consequence of (1.8) one obtains the following identification of the global tf-rank for finitely generated pro-p groups.
Corollary 4.2. Let G be a finitely generated pro-p group of global tf-rank. Then
for any open p-section (U, V ) of G.
4.4.
Pro-p groups of strict cohomological dimension less or equal to 2. The definition of a cohomological Mackey functor can be easily extended to a profinite group G (cf. [20, §3] ).
A cohomological G ♯ -Mackey functor X is said to be i-injective, if the map i X U,V : X U → X V is injective for all open subgroups U , V of G, V ⊆ U . An i-injective cohomological G ♯ -Mackey functor X is said to be of type H 0 (or to satisfy Galois descent) if k 1 (U/V, X) = 0 (cf. (3.2) ) for all open subgroups U , V of G, V normal in U . A cohomological G ♯ -Mackey functor of type H 0 is said to have the Hilbert 90 property if
The following theorem extends A. Brumer's characterisation of pro-p groups of strict cohomological dimension less or equal to 2 (cf. [3, Thm. 6.1]). 3) ) yields that H −1 (U/V, V ab ) = 0. As U/V is cyclic and thus has periodic cohomology of period 2, this implies that Remark 4.5. Let Z × p denote the multiplicative group of the p-adic integers, and let θ : Z p → Z × p be a homomorphism of profinite groups with open image. It is straightforward to verify that the semi-direct product G θ = Z p ⋉ θ Z p is a p-adic analytic pro-p group satisfying cd p (G θ ) = scd p (G θ ) = 2 and gtf(G θ ) = 1. Moreover, any p-adic analytic group satisfying cd p (G θ ) = scd p (G θ ) = 2 and gtf(G θ ) = 1 must be isomorphic to some G θ , θ ∈ α ∈ Hom(Z p , Z × p ) | α cont. and open . Therefore, the following question arises.
Question 2. Let G be a finitely generated pro-p group of global tf-rank 1 satisfying scd p (G) ≤ 2. Is G necessarily p-adic analytic?
In a private discussion with the second author A. Jaikin-Zapirain asked a similar question.
Question 3 (A. Jaikin-Zapirain, 2012). Let F be a finitely generated free pro-p group, and suppose that for some injective homomomorphism β : Z p → Aut(F ) the pro-p group G = Z p ⋉ β F is of global tf-rank 1. Does this imply that F is of rank 1?
An affirmitive answer to Question 3 would settle Question 2 in some important particular cases.
